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Abstract-In this note we deal with a phase transition model based on the Gurtin-Pipkin approach 
for the heat conduction in materials with memory and accounting for dynamical supercooling and 
superheating effects. The constitutive laws and the balance law of (linearized) energy, supplied with 
suitable initial and boundary conditions, yield an evolution problem coupling a hyperbolic equation 
for the temperature with a variational inequality for the phase variable. The existence of a weak 
solution is proved by passing to the limit in an approximating problem with the help of monotonicity 
and compactness techniques. 
1. INTRODUCTION 
In order to describe the heat conduction phenomena in materials with memory, various mod- 
ifications of the classical Fourier law have been proposed along with different constitutive as- 
sumptions on the internal energy (see, e.g., [l] and references therein). Among them, the Gurtin 
and Pipkin’s theory [2] has the advantage that it predicts finite speed of propagation for ther- 
mal disturbances. Here we follow this approach and thus suppose the heat flux to rely only 
upon the temporal history of the temperature gradient. Moreover, as the material exhibits 
two different phases, according to [3-71 the internal energy is allowed to depend also on the 
phase variable. Then, letting a sample of homogeneous and isotropic body occupy a domain 
R C RN (N 2 1) at any time t 2 0 and denoting by 29 : R x R --+ R, x : s2 x R + [O,l], 
respectively, the absolute temperature of such a material and the concentration of the more ener- 
getic phase (i.e., water in a water-ice system), for the heat flux q and the internal energy e, we 
assume the following linear constitutive laws hold 
q= -k*Vd, e=p029+ti0x+p*29+1C,*x (1.1) 
(cf., e.g., [l-3]), where (PO, 4 0 are given positive constants, k, ‘p, $ :]O, +cQ[- R are the so- 
called memory relaxation functions, and the symbol ‘*’ denotes the usual convolution product 
with respect to time over 10, t[. Letting f : flx]O, +co[ + R represent the external heat supply, in 
absence of deformation the balance of energy reads 
et=-V.q+f in Qx]O,+oo[, (I-2) 
and, coupled with (l,l), yields an integrodifferential equation which is not parabolic with respect 
to the variable 29. In order to describe the evolution of the system, we need a further law relating 
29 and x and accounting for the phase transition. For the sake of simplicity we assume that ti = 0 
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be the temperature at which the two phases can coexist at equilibrium. But, since supercooling 
and superheating effects seem to be involved in the phase change (see, e.g., [4,5,8] and references 
therein), following [4] we replace the usual equilibrium condition of the Stefan problem (cf., e.g., 
[9]) x E H(8) by the following (non-equilibrium) relax&ion dynamics for the phase variable x 
&Xt + H-‘(X) 3 29 in Qx]O, +oo[, (1.3) 
where cr > 0 is a small kinetic constant and H denotes the Heaviside graph, that is H(q) = 0 if 
17 < 0, H(0) = [O,l], H(q) = 1 if Q > 0. 
In this paper we prove the existence of a solution to an initial-boundary value problem for 
the system (1.1-3) on a given time interval 10, T[ (T > 0). C oncerning the investigation of the 
uniqueness and the analysis of the mentioned Stefan problem (coupling (1.1-2) with x E H(G)), 
that remain open questions, additional difficulties arise in deducing contracting estimates or in 
stating a priori bounds for the solution. Such difficulties seem to be connected with the fact that 
the problems are essentially hyperbolic. Indeed, if one adds the term -kaVz9 (ko being a positive 
constant) to the right hand side of the heat flux equation in (l.l), both the relaxed problem 
(1.1-3) and the corresponding Stefan problem are well posed [6,7] (see also [3,10,11] for similar 
results in simpler frameworks), even allowing the right hand side of (1.3) to be a (nonlinear) 
Lipschitz continuous function of 29. On the other hand, the study of phase change problems for 
hyperbolic heat equations does not seem to have been carried out with much effort. As far as 
we know, all the proposed models (cf. [4,8,12,13] and their references) deal with the Cattaneo- 
Fourier law (see, e.g., [l]) rqt + q = -koV29 (T > 0 being a small positive parameter), which 
corresponds to the particular choice k(t) = (Lo/r)exp(-t/7) for the heat flux equation in (1.1). 
Moreover, in the quoted papers either simplified expressions for e are assumed or the prescribed 
phase change laws contrast with (1.3). Then the resulting problems either look simpler than 
(1.1-3) (cf., e.g., [4,13] and the later Remark 1) or are rather different (see, e.g., [8,12], where a 
one-phase one-dimensional problem is considered). Our work aims to modestly contribute to the 
analysis of hyperbolic phase transition problems. 
2. THE MAIN RESULT 
As we intend to avoid non essential technicalities, just the caSe of homogeneous boundary 
conditions will be treated. The initial values for the temperature and the phase variable will be 
denoted by 290 and ~0, respectively. We assume that Q be a bounded domain with boundary 
80 of class C”ll. We set H := L2(R),V := HA(n) and identify H with its dual space, so that 
V C H C V’ _ H-‘(a) with d ense and compact injections. Henceforth, we shall denote by (. , .) 
either the duality pairing between V’ and V or the scalar product in H. Besides, let ( . , .) and 11 .I1 
represent the scalar product in HN and the norm either in H or HN, respectively. The symbol 
“’ will be used to indicate the derivative of functions only depending on time, while dt := a/at. 
For the data we assume that 
‘P E W”‘(O,T), II, E L’(O,T), k E WaB1(O,T) and k(0) > 0, 
f E L1(O, T;H) n L2(0, T;V’), 
290 E H, ~0 E K := {y EH : 0 5 y 5 1 a.e. in a}. 
(2.1) 
(2.2) 
(2.3) 
A variational formulation of the problem corresponding to (1.1-3) reads as follows. 
PROBLEM (P). Find 19 E H’(O,T;V’) n Lm(O,T;H) and x E Hl(O,T;H) such that k * 19 E 
L”(O,T;V), x(. ,t) E K tl t E [O,T], and satisfying a.e. in ]O,T[ 
(dt((po~+~ox+~*d+1C,*x),“)+(V(k*29),V~)=(f,~) VVEV> (2.4) 
4xt,x -4 5 (29,x - Y) V Y E K (2.5) 
29(.,0)=290 in V’, x(.,0)=x0 in H. (2.6) 
THEOREM. There exists at least one solution of Problem (P). 
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REMARK 1. Note that the above result generalizes Theorem 4.1 of [4], where the case cp = II, E 0, 
k = (&Jr)exp(- . /T) is considered, i.e. (cf. Introduction) the Cattaneo relaxation law is 
assumed without any other memory term. We also advice the reader to find the similarities 
between Problem (P) with $0 = 0 and the problem studied in [13] for the Stefan equilibrium 
condition (o = 0). 
3. PROOF 
We approximate the problem by adding the regularizing term -&V29 (E > 0) to the right hand 
side of the heat flux relation in (l.l), so that we introduce a parabolic regularization of Problem 
(P). Consequently the variational equality (2.4) is replaced by 
(dt(cpo6+~oX+(P*29+1C,*X),v)+(V(&29+k*29),Vv)=(f,v) VVEV, (3.1) 
a.e. in IO, T[, while the other equations and conditions are not modified. Let us denote by (PC) 
the resulting approximating problem. Thanks to Theorem 2.1 of [6], for any E > 0 there exists 
one and only one solution dE,xE of Problem (P,) such that tiE E L’(O,T;V). 
The next step consists in deducing a priori estimates. We take v = d’ in (3.1) and integrate 
in time from 0 to t ~10, T]. A ccounting for the initial conditions (2.6) (see also (2.3)) and the 
simple identity (cf. (2.1)) 
Ic * fiE = lc(O)(l * #) + Ic’ * 1 * # (where (l*iJ’)(.,t) =Jiti’(.,r)dr Vt E [O,T]), (3.2) 
by means of an integration by parts in time we obtain 
~{ll~? * ,q1t2 - 11~ol12} + E llV~cl122(0,t;HN, + y IlV(l * f)(. JN2 
= J ;v(k’(o)(l* #) + k’l * 1* 29E),V(l* 29E)) - (V(lc’* 1* tiE)(. ,t),V(l* 29C)( .,t>) 0 
- ~t(~~x;+u(0)s’+u’*a’+~xo+~*x~-~,d.)=:I(f) VtE[O,T]. J (3.3) 
Now, one can easily check, for instance, that 11~’ * 29E]]L~(0,t;Hj 2 ]]#]]~.lco,t, ]]29E]]~3(,,t;Hj (see, 
e.g., [14, p. 391). H ence, by applying the Holder inequality and recalling that ab < Sa2/2+b2/(26) 
for any a, b E R and any 5 > 0, thanks to (2.1-3) it is not difficult to find a positive constant C 
and a positive function c E L1(O, T), independent of E, such that 
1 E 2 IW)l I ij llxt IILyO,t;H) + y IIT * dE)(. ,tN2 + c~t{llw + IlV(l * w2} + ~t~ll~cll 
for any t E [0, T] ( one may see, e.g., [6,7] f or analogous estimates). On the other hand, from (2.5) 
and (2.3) it follows that (cf., e.g., [15, p. 731) ]]~~]]&c,~;~) 5 oS2 ]]?9’]]~,(,,t;Hj for any t E [O,T]. 
By adding this inequality to (3.3) and taking the estimate of I(t) into account, with the help of 
the Gronwall Lemma (cf., e.g., [15, pp. 156-1571) we infer that 
where the constant C does not depend on E. Then, on account of (2.1-3), (3.2) and by comparison 
in (3.1), we also have that ]]r9E]]H1(0,T;v,1 is bounded independently of E. 
Due to the above estimates, there exist d, x such that, possibly taking subsequences, 
e + 79 weakly star in H1(O, T; V’) rl L”(0, T; H), (3.4) 
&tiE --i 0 strongly in L2(0, T;V), (3.5) 
1 * fiE - 1 * 29 weakly star in WISW(O,T;H) n L”(O,T;V), (3.6) 
XE - x weakly star in H’(O,T; H) n L”(Rx]O, T[) (3.7) 
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as E \ 0. Now, it is a standard matter to verify that x(. , t) E K for any t E [0, T] (as the convex 
set K is closed with respect to both the strong and weak topology of II) and that 9 and x satisfy 
the initial conditions (2.6). Also, by passing to the limit in (3.1), thanks to (3.4-7), (2.1), and 
(3.2) we obtain (2.4). In order to deduce that rJ, x yields one solution of Problem (P), it remains 
to show (2.5). S’ mce 21’) xc fulfil (2.5) too, with the help of integrations by parts in time it is easy 
to see that 
~{llx~(~~~)Il~-llxul!2) ~~;Ux:-a’.,)-/l;l*d’,x~)+((I*2Y’)(-,T),,’(-.T)) (3.8) 
0 0 
for any y E L’(O,T; H) such that y( . ,t) E K for a.e. t E]O,T[. From (3.6) and a well known 
compactness result (see, e.g., [16, pp. 58-591) it follows that l*dE -+ 1*29 strongly in C”([O,T]; H) 
as E \ 0. Thus, on account also of (3.4), (3.7) and due to the weak lower semicontinuity of the 
norms, taking the limit in (3.8) we obtain the same inequality for 29 and x, that is an equivalent 
formulation of (2.5). Therefore the Theorem is completely proved. 
REMARK 2. It would be interesting to know whether one can pass to the limit in Problem (P) as 
o \ 0 in order to get the Stefan hyperbolic problem for materials with memory, i.e., the Cauchy- 
Dirichlet problem for (1 .l-2) and the Stefan equilibrium condition x E H(d) (cf. Introduction). 
However, as it seems quite hard to deduce sufficient a pr%oti estimates, this question does not 
appear to be trivial. 
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